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ON THE FINITENESS OF SOLUTIONS FOR
POLYNOMIAL-FACTORIAL DIOPHANTINE
EQUATIONS
WATARU TAKEDA
Abstract. We study the number of integer solutions (x, y, l) of an
equation F (x, y) = l!, where F (x, y) is a homogeneous polynomial
with integer coefficients. We show a necessary condition for the
existence of infinitely many solutions. As a corollary, we obtain
the finiteness of solution for P (x) = l!, where P is an irreducible
polynomial or satisfies some conditions. This corollary solves the
generalized Brocard-Ramanujan problem partially.
1. Introduction
The generalized Brocard-Ramanujan problem, which is an unsolved
problem in number theory, is to find integer solutions (x, l) of the Dio-
phantine equation P (x) = l! for a polynomial P of degree 2 or more
with integer coefficients. Overholt showed that if the weak form of
Szpiro’s conjecture is true, then x2 − 1 = l! has only finitely many so-
lutions [Ov93]. More generally, Luca showed that for polynomial P (x)
with integer coefficients of degree ≥ 2, ABC conjecture implies that the
equation P (x) = l! has only finitely many solutions (x, l) [Lu02]. On
the other hand, it is known that for m ≥ 3 the equation xm + ym = l!
has no solution with gcd(x, y) = 1 except for (x, y, l) = (1, 1, 2) and
xm − ym = l! has no solution except for m = 4 [EO37]. In 1973, Pol-
lack and Shapiro showed that x4 − y4 = l! also has no solution [PS73].
Dąbrowski and Ulas showed that for all positive integer B there exist
infinitely many integers A such that x2 − A = B · l! has at least three
solutions in positive integer x [DU13].
In this paper, we study an equation F (x, y) = ΠK(l), where F (x, y)
is a homogeneous polynomial with integer coefficients and ΠK(l) is a
generalized factorial function over a fixed number field K, which is
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defined as
ΠK(l) =
∏
Na≤l
Na =
∏
n≤l
na(n),
where a(n) is the number of ideals with their ideal normNa = n [Ta18].
In the case K = Q and y = 1, our equation F (x, y) = ΠK(l)
is reduced to generalized Brocard-Ramanujan’s equation. Therefore,
it is expected that our results give some improvement of generalized
Brocard-Ramanujan problem. In fact, we solve this problem partially.
In Section 2, we review some of the standard facts on algebraic num-
ber theory. First, we check that for any Galois group G 6= {1} of
splitting field of polynomial P , there exists an element such that it
fixes no roots of P . This fact is very important to prove our theorems.
Second, we review the Frobenius map of prime p. This map controls the
irreducible factorization modulus p of the polynomial corresponding to
itself.
In Section 3, we introduce two auxiliary lemmas. The first one char-
acterizes the prime factorization of integers which can be written as
F (x, y). This is one of the generalizations of Cho’s results [Ch14, Ch16].
Cho characterized the prime factorization of integers written as x2+ny2
or x2 + xy + ny2 with congruent condition for n ≥ 1. The second one
gives a Bertrand type estimate for prime ideals corresponding to a con-
jugacy class of Galois group such that their ideal norm is of the form
pf . In a previous paper [Ta18], we considered a Bertrand type estimate
for primes splitting completely, which is the simplest case of the second
auxiliary lemma. This result plays a crucial role in proving our main
theorem.
In Section 4, we give a necessary condition for the existence of in-
finitely many solutions of F (x, y) = ΠK(l). As its corollary, one can
obtain that for any polynomial P which is an irreducible polynomial
or satisfies some condition, there exist only finitely many solutions of
P (x) = l!. Berend and Osgood showed that for any polynomial P of
degree 2 or more with integer coefficients, the equation P (x) = l! has
only a density 0 set of solutions l [BO92], that is,
lim
n→∞
|{l ≤ n | there exists x ∈ Z such that P (x) = l!}|
n
= 0.
Dąbrowski showed that if A is square free then the equation x2−A = l!
has only finitely many solutions (x, l) [Da96]. Our result improves and
extends their results. In particular, this solves the generalized Brocard-
Ramanujan problem partially.
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2. Preliminaries on algebraic number theory
We recall some basic definitions and some known properties of alge-
braic number theory in this section. Let P (x) = anx
n+ · · ·+ a0 ∈ Z[x]
be an irreducible polynomial with degP = n and the discriminant
∆P . When α1, . . . , αn are roots of P , the splitting field KP of P is
Q(α1, . . . , αn). It is known that KP/Q is a Galois extension and the
Galois closure of Q(αi)/Q for all i = 1, . . . , n. The Galois group GP of
KP/Q plays a crucial role for splitting of primes in Q(αi) as follows.
Galois group GP can be identified with a transitive subgroup H of
the symmetric group Sn of degree n. For σ ∈ H , the cycle type of σ
is defined as the ascending ordered list [f1, . . . , fr] of the sizes of the
cycles in the cycle decomposition of σ. For example, the cycle type of
(1 2)(3 4)(6 7 8) = (1 2)(3 4)(5)(6 7 8)(9) ∈ H ⊂ S9 is [1, 1, 2, 2, 3].
Since if two permutations are conjugate in H then they have the same
cycle type, we can define the cycle type of conjugacy class C = [σ] of
H by the cycle type of representative σ. We introduce a lemma for
transitive subgroups of the symmetric group Sn.
Lemma 2.1. Let H be a transitive subgroup of the symmetric group
Sn of degree n ≥ 2. Then there exists an element σ ∈ H such that
σ(i) 6= i for all i = 1, . . . , n.
Proof. Let Hi be the stabilizer subgroup of H with respect to i. Then
the orbit-stabilizer theorem and transitivity of H leads to |Hi| = |G|/n.
Now we consider the number of elements of the set
S = {σ | there exists i such that σ(i) = i}.
Since the identity element belongs to all stabilizer Hi, we have
|S| ≤
n∑
i=1
|Hi| − (n− 1) = |H| − n + 1 < |H|.
Therefore, there exists an element σ ∈ H such that for all i = 1, . . . , n
σ(i) 6= i. 
Next, we review the Frobenius map. Let p be a prime and P prime
ideal of OKP lying above p. For prime ideal P in OKP , we define the de-
composition group DP of P by {σ ∈ GP | σ(P) = P}. Since σ(P) = P
and σ(O) = O for σ ∈ DP, σ induces an automorphism σ of OKP /P
over Z/pZ. Now we consider the Galois group Gal((OKP /P)/(Z/pZ)).
It is known that this group is cyclic and there exists an unique auto-
morphism σ : x → xp which generates it. Then the Frobenius map
(p,KP/Q) of p is the image of σ in Galois group GP . If the Frobenius
map (p,KP/Q) of p belongs to a conjugacy class C of GP , then we say
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that p corresponds to C. We denote the set of primes corresponding to
C ∈ C by P(C). The following theorem gives a relation between cycle
type of Frobenius map and irreducible factorization of P (x) mod p,
where p does not divide an∆P .
Theorem 2.2 (Frobenius). Let p be a prime such that p does not
divide an∆P . We denote the cycle type of the Frobenius map (p,KP/Q)
of p by [f1, . . . , fr]. Then the monic irreducible factorization of P (x)
mod p is P (x) ≡ anP1(x) · · ·Pr(x) mod p, where Pi(x) are distinct
and fi = degPi(x).
3. Auxiliary lemmas
Let F (x, y) = anx
n+an−1xn−1y+· · ·+a0yn be an irreducible homoge-
neous polynomial and KF the splitting field of F (x, 1). Cho identified
the representation of integers expressed as x2 + ny2 or x2 + xy + ny2
for n ≥ 1 under the congruence conditions x ≡ 1 mod m and y ≡ 0
mod m [Ch14, Ch16]. We remove this congruence conditions and con-
sider all polynomials with integer coefficients. Let CF be the set of
conjugacy classes C of the Galois group GF = Gal(KF/Q) whose cycle
type [f1, . . . , fr] satisfies fi ≥ 2 for all i = 1, . . . , r. This classification
is very important to characterize the integer represented as F (x, y).
Lemma 3.1. Let F (x, y) = anx
n + an−1xn−1y + · · · + a0yn be an ir-
reducible homogeneous polynomial with g = gcd(an, an−1, . . . , a0). Let
N be an integer with
N = gp1 · · · psql11 · · · qltt ,
where qi are primes corresponding to a conjugacy class C ∈ CF with
gcd(qi, an∆F,mod) = 1 or gcd(qi, a0∆F,mod) = 1 and pi are the other
primes. If N is represented as F (x, y) then n|li for all i.
Proof. An integer N is represented as anx
n + an−1xn−1 + · · · + a0yn
with gcd(an, . . . , a0) = g if and only if
N
g
is represented as an
g
xn+ · · ·+
a0
g
yn with gcd(an
g
, . . . , a0
g
) = 1. Hence, we may assume without loss of
generality that gcd(an, an−1, . . . , a0) = 1 and ∆F = ∆F,mod .
Let q be a prime corresponding to a conjugacy class C ∈ CF with
gcd(qi, a∆F,mod) = 1, where a ∈ {an, a0}. By the definition of CF , the
cycle type [f1, . . . , fr] of C satisfies fi ≥ 2 for all i = 1, . . . , r. As
we seen in Lemma 2.2, the monic irreducible factorization of F (x, y)
mod q is
aF1(x, y) · · ·Fr(x, y) mod q,
where the Fi(x, y) are distinct and fi = degFi(x, y). Since we have
degFi(x, y) ≥ 2 for all i = 1, . . . , r, it holds that F (x, y) mod q has no
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solution expect for (0, 0) in Fq × Fq. Therefore, if q|N then q divides
both of x and y. Thus qn|N . The same argument repeatedly for N
qn
leads n|li.
This proves the lemma. 
As one of corollaries of Lemma 3.1, we obtain the following theorem.
Theorem 3.2. Let F (x, y) = anx
n + an−1xn−1y + · · · + a0yn be a
homogeneous polynomial whose irreducible factorization is
F (x, y) =
u∏
j=1
Fj(x, y)
and g = gcd(an, an−1, . . . , a0). Let N be an integer with
N = gp1 · · · psql11 · · · qltt ,
where qi are distinct primes corresponding to C ∈ CFj for all j with
gcd(qi, an∆F,mod) = 1 or gcd(qi, a0∆F,mod) = 1 and pi are the other
primes. If N is represented as F (x, y) then n|li for all i.
Proof. By assumption, there exists a pair (x0, y0) ∈ Z2 such that
N = F (x0, y0). Since qi|N = F (x0, y0), there exists a polynomial
Fj(x, y) = aj,njx
nj + · · · + aj,0ynj such that qi|Fj(x0, y0). By the def-
inition of discriminant of polynomial, we have ∆Fj ,mod|∆F,mod, that
is, gcd(qi, a∆F,mod) = 1 implies gcd(qi, a
(j)∆Fj ,mod) = 1, where a ∈
{an, a0} and a(j) ∈ {aj,nj , aj,0}. It holds that x0 ≡ y0 ≡ 0 mod q by
Lemma 3.1. Therefore we obtain qn|N = F (x0, y0) and n|li. This is
the desired conclusion. 
Next we change the assumption of Lemma 3.1 and give a necessary
and sufficient condition for integer represented as F (x, y). We call an
integer n is quasi-square-free, if the prime factorization of n is of the
form 4αβ, where α ∈ {0, 1} and β is square free. In the following, we
assume that one of a and c is a prime number or 1 and the discriminant
∆F is a quasi-square-free negative number. We characterize the prime
factorization of integers which is expressed as ax2 + bxy + cy2.
Theorem 3.3. Let F (x, y) = ax2+bxy+cy2 be a positive definite qua-
dratic form with quasi-square-free modified discriminant ∆F,mod and
g = gcd(a, b, c). We denote the corresponding order to F by O and the
set of principal ideals of O by PO. Let N be an integer with
aN = 2lgp1 · · · psq1 · · · qtrl11 · · · rluu ,
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where pi ramifies in Q(
√
∆F,mod), qi splits completely in Q(
√
∆F,mod)
and ri are distinct odd inert primes in Q(
√
∆F,mod). If a is a prime
number or 1, then N is represented by F (x, y) if and only if
1. l is even if ∆F,mod ≡ 5 mod 8.
2. li are even numbers.
3. There exist prime ideals p, p1, . . . , ps, q1, . . . , qt lying above 2,
p1, . . . , ps, q1, . . . , qt respectively such that
pℓp1 · · · psq1 · · · qt(r1)
l1
2 · · · (ru) lu2 ∈ PO,
where ℓ is l
2
if 2 is inert in Q(
√
∆F,mod), l otherwise.
Proof. As well as the proof of Lemma 3.1, we can assume g = 1 without
loss of generality. We assume that there exists a pair (x, y) ∈ Z2 such
that N = ax2 + bxy + cy2. We can obtain the second assertion by
Lemma 3.1. Therefore, it suffices to prove the first and third assertion.
First, we prove the first assertion. If ∆F ≡ 5 mod 8, 2|aN and y is
odd, then ∆F = b
2 − 4ac is odd, that is, b is. Therefore,
aN = a2x2 + abxy + acy2
≡ a2x2 + ax+ b
2 −∆F
4
mod 2.
Since ∆F ≡ 5 mod 8 we obtain
aN ≡ a2x2 + ax+ 1 mod 2
≡ 1 mod 2.
This contradicts to 2|aN and leads 2|y. From the identity aN = a2x2+
abxy + acy2 and this result, ax is even. Therefore, 4|aN holds. The
same argument repeatedly for aN
4
leads 2|l.
Next we show the third assertion. Since ∆F = b
2 − 4ac, we have
aN = a2x2 + abxy + acy2
=
(
ax+
b+
√
∆F
2
y
)(
ax+
b−√∆F
2
y
)
=
(
ax+
b−∆F
2
y +
∆F +
√
∆F
2
y
)(
ax+
b−∆F
2
y +
∆F −
√
∆F
2
y
)
.
Since b ≡ ∆F mod 2, b−∆F2 is an integer. Therefore, ax + b−∆F2 y +
∆F+
√
∆F
2
y ∈ O and
(
ax+ b−∆F
2
y + ∆F+
√
∆F
2
y
)
O ∈ PO. Now we denote
this ideal by b then we have (aN)O = bb. Since pi ramifies in Q(
√
∆F ),
piO = p2i and pi|b. Also, riO is a prime ideal in Q(
√
∆F ) and (riO)
li
2 |b.
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Also, qi splits completely as qiO = qiqi in Q(
√
∆F ). Hence, there exist
prime ideals qi such that
b = pℓp1 · · · psq1 · · ·qt(r1)
l1
2 · · · (ru) lu2 ∈ PO.
Conversely, let b be p1 · · · psq1 · · · qt(r1)
l1
2 · · · (ru) lu2 ∈ PO. This ideal
can be expressed as
b =
(
x+
∆F +
√
∆F
2
y
)
O
and (aN)O = bb. Combine this with aN > 0, we obtain aN = x2 +
∆Fxy +
∆2F−∆F
4
y2. Therefore we get
x2 +∆Fxy +
∆2F − b2
4
y2 ≡ 0 mod a(
x+
∆F + b
2
y
)(
x+
∆F − b
2
y
)
≡ 0 mod a.
Now we assume that a is a prime number or 1, so a|(x+∆F+b
2
y) or a|(x+
∆F−b
2
y). Without loss of generality, we assume that aα = x+ ∆F−b
2
y for
some integer α. If we take y = β, then aN = x2 + ∆Fxy +
∆2
F
−d
4
y2 =
a2α2 + abαβ + acβ2. This proves the theorem. 
Remark 3.4. Since ax2 + bxy + cy2 is symmetric, we can replace a
with c in Theorem 3.3.
In the followings, we consider a Bertrand type estimate for primes
corresponding to a conjugacy class C of Galois groupG by following the
way of Hulse and Murty. They gave one of generalizations of Bertrand’s
postulate, or Chebyshev’s theorem, to number fields [HM17]. We can
obtain the following lemma, which gives a Bertrand type estimate for
primes corresponding to C of G, by following their argument.
Lemma 3.5 (cf. [HM17, Ta18]). Let L/K be a Galois extension with
[L : Q] = n and DL the absolute value of the discriminant of L. For
any A > 1 there exists an effectively computable constant cA > 0 such
that for x > exp(cAn(logDL)
2) there is a prime corresponding to a
conjugacy class C of Gal(L/K) with p ∈ (x,Ax).
Next we consider the distribution of prime ideals p corresponding to
a conjugacy class C such that their ideal norm is of the form pf .
Theorem 3.6. Let L be the Galois closure of K/Q with k = [L : Q]
and p a prime corresponding to a conjugacy class C of Gal(L/Q). For
any A > 1 there exists an effectively computable constant cA > 0
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such that for pfi > exp(cAk(logDL)
2) there exists a prime ideal q with
Nq = qfi ∈ (pfi , Apfi), where q ∈ P(C).
Proof. Let p be a prime ideal with Np = pf and P a prime ideal lying
above p. We denote the order of the decomposition group DP/p by l,
then NP = pfl. From Lemma 3.5, any A > 1 there exists a constant
cA > 0 such that for p
fl = NP > exp(cAk(logDL)
2) there is a prime
Q corresponding to CP with q
fl = NQ ∈ (pfl, Apfl).
Since p, q ∈ P(CP), there exists a prime ideal Q with N (Q ∩OK) =
qf . We denote q = Q ∩ OK . Thus for pf > exp(cAk(logDL)2) there is
a prime ideal q with Nq = qf ∈ (pf , Apf). 
4. Main theorems
In this section we give a necessary condition for the existence of
infinitely many solutions for F (x, y) = ΠK(l).
First, we consider the equation F (x, y) = l!, where F is an irreducible
homogeneous polynomial.
Theorem 4.1. Let F (x, y) = anx
n + an−1xn−1y + · · · + a0yn be a
homogeneous irreducible polynomial with deg F ≥ 2, then there exist
only finitely many l such that l! is represented as F (x, y).
Proof. Lemma 2.1 provides that CF 6= ∅. Let C ∈ CF be a fixed conju-
gacy class of GF . The assumption degF ≥ 2 and Lemma 3.1 lead that
if N is represented as F (x, y) and p|N for prime p corresponding to C
with gcd(qi, an∆F,mod) = 1 or gcd(qi, a0∆F,mod) = 1, then N is divided
by p2 at least. In particular, F (x, y) = p! has no integer solution (x, y).
Moreover, since the second smallest positive integer divided by p is 2p,
l! is not of the form in Lemma 3.1 for p ≤ l < 2p, that is, there exists
no pair (x, y) ∈ Z2 such that F (x, y) = l! for p ≤ l < 2p.
Let α be a root of F (x, 1). Theorem 3.6 states that there ex-
ists c > 0 such that for x > exp(cn(logDKF )
2) there is a prime
ideal p in Q(α) corresponding to C with Np = pf ∈ (x, 2x). Let
p be a prime ideal of Q(α) corresponding to C with Np = pf >
max{exp(cn(logDKF )2), (an∆F,mod)f , (a0∆F,mod)f}. Since we have pf >
exp(cn(logDKF )
2), there exist q corresponding to C with Nq = qf ∈
(pf , 2pf), that is, there exists a prime q corresponding to C with
q ∈ (p, 2p).
As well as the above, l! is not of the form in Lemma 3.1 for q ≤ l < 2q
and there exists a prime q1 corresponding to C with q1 ∈ (q, 2q). By
induction, l! is not of the form in Lemma 3.1 for p ≤ l. This shows the
finiteness of l such that l! is represented as F (x, y).

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As a corollary of this theorem, we solve generalized Brocard-Ramanujan
problem for irreducible polynomials.
Corollary 4.2. For any irreducible polynomial P (x) ∈ Z[x] with
degP ≥ 2, the equation P (x) = l! has only finitely many solutions
(x, l).
Next we consider the general case F (x, y) = ΠK(l). For a prime
p and its Frobenius map (p,KP/Q) with cycle type [f1, . . . , fr], we
define Gp(l;K) as the number of fi such that fi = l. If K/Q is a
Galois extension with extension degree k, then fGp(f ;K) = k for all
primes p unramified in K, where f is the inertia degree of p in K.
Therefore, we obtain the following theorem.
Theorem 4.3. Let K be a Galois extension field over Q and F (x, y)
a polynomial in Z[x, y] whose irreducible factorization is
F (x, y) =
u∏
j=1
Fj(x, y).
Assume that there exist a conjugacy class C of Gal(K/Q), positive
integers a and b > 1 such that P(C) ∩⋂iP(CFi) ⊃ {p : prime | p ≡ a
mod b}. If degF does not divide [K : Q] then there exist only finitely
many l such that ΠK(l) is represented as F (x, y).
Proof. We denote the extension degree [K : Q] by k. As we remarked
the above, fGp(f ;K) = k for all primes p unramified in K, where f
is the inertia degree of p in K. Then for all primes p unramified in
K, pfa(p
f ) = pk. Since degF does not divide [K : Q], Lemma 3.2
implies that there is no pair (x, y) such that F (x, y) = ΠK(p
f) for
p ∈ {p : prime | p ≡ a mod b}.
By Bertrand type estimate for primes in an arithmetic progression
bm+ a, there exists c > 0 such that for x > c there is a prime p ∈ {p :
prime | p ≡ a mod b} with p ∈ (x, 2 1f x). Let p be a prime ideal of K
corresponding to C withNp = pf > max{cf , (an∆F,mod)f , (a0∆F,mod)f}.
Since p > c, there exist a prime q satisfying q = bmq + a ∈ (p, 2
1
f p).
By the assumption, we have q ∈ P(C) and there exist q lying above q
with Nq = qf ∈ (pf , 2pf).
As well as the above, ΠK(l) is not of the form in Lemma 3.2 for
qf ≤ l < 2qf and there exists a prime ideal q1 corresponding to C with
Nq1 ∈ (qf , 2qf). By induction, ΠK(l) is not of the form in Lemma 3.2
for pf ≤ l. This shows the finiteness of l such that ΠK(l) is represented
as F (x, y). 
10 WATARU TAKEDA
If degF is even then we can remove the assumption that K/Q is a
Galois extension.
Theorem 4.4. Let K be a number field and F (x, y) a polynomial in
Z[x, y] whose irreducible factorization is
F (x, y) =
u∏
j=1
Fj(x, y).
Let p be a prime whose Frobenius map (p,KP/Q) has the cycle type
[f1, . . . , fr] such that Gp(m;K) is odd for some odd m and C the con-
jugacy class of (p,K/Q). If there exist positive integers a and b > 1
such that P(C) ∩⋂iP(CFi) ⊃ {p : prime | p ≡ a mod b}, then there
exist only finitely many l such that ΠK(l) is represented as F (x, y).
Proof. We assume that Gp(i;K) is odd for some prime p and some odd
i, and the Frobenius map (p,KP/Q) has the cycle type [f1, . . . , fr] in
K. Let m = min{i | Gp(i;K) is odd}. For all odd i < m, the number
Gp(i;K) is even. It is known that a(n) has the multiplicative property
a(mn) = a(m)a(n) if gcd(m,n) = 1.
The ideals a such that Na = pm is expressed by product of prime ideals
p with Np = pk(k ≤ m). If a is expressed as p1 · · · ps and the number
of pt with Npt = p
i equals ai, then we have a1 + · · ·+mam = m. By
considering the number of combinations with reputation, we get
a(pm) =
∑
a1+···+mam=m
ai≥0
m∏
i=1
(
Gp(i;K) + ai − 1
ai
)
.
Sincem is odd, there exists an odd i such that ai is odd in each product.
For this odd i (
Gp(i;K) + ai − 1
ai
)
is even, since binomial coefficients
(
e
o
)
, where e is an even number and
o is an odd number, are always even. Therefore
a(pm) =
∑
a1+···+(m−1)am−1=m
ai≥0
m∏
i=1
(
Gp(i;K) + ai − 1
ai
)
+Gp(m) = odd.
Accordingly, ΠK(p
m) is not of the form in Theorem 3.2. Since pm-factor
does not appear in (pm, 2pm), for all l ∈ (pm, 2pm) the left hand side
ΠK(l) is not of the form in Theorem 3.2.
On the other hand, Bertrand type estimate for primes in an arith-
metic progression bt+a leads that there exists c > 0 such that for x > c
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there is a prime p ∈ {p : prime | p ≡ a mod b} with p ∈ (x, 2 1mx).
Let p be a prime ideal of K corresponding to C with Np = pm >
max{cm, (an∆F,mod)m, (a0∆F,mod)m}. Since p > c, there exist a prime q
satisfying q = btq+a ∈ (p, 2 1mp). By the assumption, we have q ∈ P(C)
and there exist q lying above q with Nq = qm ∈ (pm, 2pm).
As well as the above, ΠK(l) is not of the form in Lemma 3.2 for
qm ≤ l < 2qm and there exists a prime ideal q1 corresponding to C
with Nq1 ∈ (qm, 2qm).
By induction, ΠK(l) does not satisfy the condition in Theorem 3.2
for all l ≥ pm. This shows the theorem. 
For special quadratic forms, we give a sufficient condition for exis-
tence of infinitely many solutions. We denote the set of primes which
is inert in Q(
√
∆) by P∆.
Theorem 4.5. Let K be a number field with n = [K : Q] and DK
its discriminant. Let F (x, y) = ax2 + bxy + cy2 be a positive definite
quadratic form with quasi-square-free modified discriminant ∆F,mod,
where one of a and c is a prime number or 1. We denote P∆F,mod,DK =
P∆F,mod \ {p|DK}. We assume that the class number of Q(
√
∆F,mod)
equals 1. If for all p ∈ P∆F,mod,DK and for odd i, Gp(i;K) is even, then
there exist infinitely many l such that ΠK(l) is represented as F (x, y).
Proof. By the definition of modified discriminant, it is possible to use
P∆F ,DK and Q(
√
∆F ) in place of P∆F,mod,DK and Q(
√
∆F,mod). We as-
sume for all p ∈ P∆F ,DK and odd i, Gp(i;K) is even. It suffices to show
that the prime factorization of ΠK(l) contains no prime p ∈ P∆F ,DK
raised to an odd power for infinitely many l. From the multiplicative
property of a(n) we show a(pm) is even for all primes p ∈ P∆F ,DK and
odd m in the following. As well as the proof Theorem 4.4, we get
a(pm) =
∑
a1+···+mam=m
ai≥0
m∏
i=1
(
Gp(i;K) + ai − 1
ai
)
.
Now we assume Gp(i;K) is even for all odd i. Since m is odd, there
exists an odd i such that ai is odd in each product. As we remarked
above, one of the binomial coefficients in the above product are even.
Therefore, a(pm) is a sum of even numbers, a(pm) is also even.
If Gp(i;K) is odd for some p ∈ P∆F \ P∆F ,DK and some odd i, we
denote m = min{i : odd | Gp(i, K) is odd}. As we mentioned above,
a(pm) is odd. Chebotarev’s density theorem says that for any number
fields K there exist infinitely many primes splitting completely in K.
Let q be a prime splitting completely in K. Then we have a(qk) =
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(
n+k−1
n−1
)
. One can see easily that
(
n+k−1
n−1
)
takes odd values infinitely
many times and a(pmqk) does. Since P∆F \P∆F ,DK is a finite set, ΠK(l)
satisfies the first and second conditions in Theorem 3.3 infinitely many
times. By assumption, the third condition in Theorem 3.3 is trivial.
This shows the theorem. 
It was not known whether or not there exist only finitely many solu-
tions P (x) = l! for any polynomial P of degree 2 or more with integer
coefficients. Corollary 4.2 solves this problem for irreducible polyno-
mials and Theorem 4.3 and 4.4 give a solution for the case that P is a
reducible polynomial partially.
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